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Abstract
The virtual braid groups are generalizations of the classical braid groups. This
paper gives an elementary proof that the classical braid group injects into the virtual
braid group over the same number of strands.
1 Introduction
The virtual braid group is obtained from the classical braid group by adding generators
called virtual crossings, and relations. It is easy to see how two braid words which contain
only classical generators and represent the same element in the classical braid group need to
represent the same element of the virtual braid group on the same number of strand. The
more complicated question is to show that two braid words over classical generators which
represent the same element of the virtual braid group also represent the same element in
the classical braid group. This claim can be proved through the representation of braids
in the automorphism group of free groups, as first noted by Kamada in [Kam2004] where
he relies on the surjection from the virtual braid group to the titular braid-permutation
group from [FRR1997]. That technique, while beautiful is far from elementary. This paper
proposes a solution which gives an explicit map, the Gaussian projection, from a sequence
of virtual moves between classical braid diagrams to a sequence of classical moves between
classical braid diagrams.
This paper is structured as follows: Section 2 defines the classical and virtual braid groups,
Section 3 defines almost classical braids and gives the conditions for almost classical braids
to be classical braids, Section 4 constructs the Gaussian projection, and shows that it maps
virtual braid diagrams to almost classical braid diagrams, and Section 5 provides a proof
that classical braid groups inject in virtual braid groups.
2 Virtual braid groups and diagrams
This section contains a review of the definitions of the classical and virtual braid groups. In
order to use the tool of Gaussian projection, explored in the next section, it is important to
understand braids as diagrams in the plane, a translation to this system from the algebraic
interpretation is provided below.
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2.1 Classical braid groups
Let n ∈ N. The classical braid group on n strands, denoted Bn, is the group of words over
the elements σ1, σ2, . . . , σn−1 and their formal inverses, subject to the relations:
(U1) ∀ i and j, if |i− j| > 1 then σiσj = σjσi,
(U2) σiσ
−1
i = σ
−1
i σi = 1,
(U3) σiσi−1σi = σi−1σiσi−1,
where i and j are in {1, 2, . . . , n − 1}. Astute readers will notice that U2 follows from
the definition of Bn as a group, and its inclusion as a relation is solely for the purpose of
introducing the notation.
An element of Bn is called a braid, and a finite presentation of this element is called a braid
word. Geometrically, braid words can be seen as diagrams by assigning to each generating
element a crossing as done in Figure 1 and stacking them from the bottom to the top as
the word is read from left to right.
σi
1 2 i i+ 1 n
. . . . . . σ−1i
1 2 i i+ 1 n
. . . . . .
Figure 1: The realization of the classical braid group generators as braid diagrams.
The relations on braid words are translated to braid diagram moves by realizing the equiv-
alent words as diagrams. Modifying a braid diagram by replacing a part of it by an
equivalent local depiction is called a classical braid move, which in this paper are classified
to be of either type U2 or U3. See Figure 2 for examples of a move of type U2 and a
move of type U3. Moves of type U1 are ignored as they can be considered to the result
of isotopies of the region in which the braid diagram is drawn. In addition to the move
given by the U3 relation, all moves obtained from it by mirror symmetry of the diagrams
(followed by switching the orientation of the strands to be upwards if needed) are also said
to be of that same type.
2.2 Virtual braid groups
The virtual braid group on n strands, denoted vBn, is a generalization of the classical braid
group first mentioned in [Kau1999] as a topic for further research. The group consists of
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Figure 2: Two of the classical braid moves.
the words over the elements σ1, σ2, . . . , σn−1, τ1, τ2, . . . , τn−1, subject to the relations U1,
U2, and U3 above along with the following:
(V1) ∀ i and j, if |i− j| > 1 then τiτj = τjτi,
(V2) τiτi = 1,
(V3) τiτi−1τi = τi−1τiτi−1,
(V4) τiτi−1σi = σi−1τiτi−1,
(V5) ∀ j, |i− j| > 1, τiσj = σjτi,
where i and j are in {1, 2, . . . , n − 1}.
An element of vBn is called a virtual braid, and like the classical braids, it can be represented
by diagrams, by adding the representation of the virtual crossings in Figure 3.
τi
1 2 i i+ 1 n
. . . . . .
Figure 3: The realization of the virtual generators as braid diagrams.
The relations on virtual braid words which includes virtual crossings (V1, V2, V3, V4 and
V5) can be generalized and unified into an equivalence of virtual braid diagrams called the
virtual detour move in [Kau1999]. These moves are all invisible to the classical crossings
of the diagram and, for reasons that are beyond the scope of this paper, classical crossings
encode all of the information of a virtual braid. Therefore, the impact of virtual detour
move on the constructions in the sections below is trivial. The denomination “virtual detour
move” will therefore be used to shorten arguments. For reference, the moves in Figure 4
are virtual detour moves corresponding to the relations V2 and V4 respectively.
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Figure 4: Two of the moves on braid diagram involving virtual crossings.
2.3 Inclusion maps
It is clear that, for each n = 2, 3, . . ., there is an inclusion map from the set of classical
braid diagrams on n strands to the set of virtual braid diagrams on n strands, defined
as the identity of the generators. This paper aims to show, in Section 5, that the maps
v¯ : Bn → vBn, induced by v, are injective for all n ∈ N.
3 Alexander numberings
For a classical oriented link diagram, the Alexander numbering of the complement of the
diagram is a signed measure of how far a component is from being the region at infinity.
The concept has been adapted to other settings by first pushing the numbering from
the complement of the diagram onto the diagram itself, which allowed to extend it to
virtual oriented link diagrams. This section defines the virtual braid diagrams which have
Alexander numbers to be almost classical and proves some of their properties.
3.1 General definition
Let β be a virtual or classical braid diagram. The strands of β are the oriented curves
running from the bottom to the top of the braid. The boundary of these curves is called the
endpoints of the braids. The arcs of β are the connected components of the strands with
all the classical crossings removed. Each arc connects either two classical crossings, two
endpoints, or an endpoint and a classical crossing, and may contain virtual crossings.
An integer numbering of a classical braid diagram is an assignment of an integer to each
arc of the diagram, such that it satisfies, at each crossing, the relation depicted in Figure
5. If moreover, λ = µ − 1 at each crossing of the diagram, the numbering is called an
Alexander numbering. It is sometimes convenient to see the local condition of the Alexander
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numberings as saying that the arcs are numbered such that the operation seen in Figure 8,
called the oriented smoothing, is always merging together arcs with equal numbers.
µ
λ+ 1
λ
µ− 1
λ
µ− 1
µ
λ+ 1
Figure 5: Numbering around a crossing.
Proposition 1. Any classical braid diagram admits an Alexander numbering with the
boundary conditions that the ith strand’s first arc be numbered i, and that the ith strand
from the left at the top of the braid have its last arc also be numbered i. (See Figure 6 for
a diagram with the boundary conditions on the bottom of the strands.)
Proof. Let β be a classical braid diagram. Its first crossing from the bottom is σ±1λ and
with the assigned boundary condition, its arcs are numbered as seen on the appropriate
crossing of Figure 8. By smoothing this crossing, the same argument shows that the whole
diagram is numberable. QED
In fact, this proof can also be used to show that assuming the local conditions of Alexander
numbering and the boundary condition on only either the top or the bottom of the braid
to be holding implies that the boundary condition on the other end of the braid also
holds.
1 2 ... n
β
Figure 6: Boundary conditions on the Alexander numbering for a braid diagram.
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3.2 Numbering virtual braid diagrams
It is now possible to define integer numberings of virtual braid diagrams, to be an assign-
ment of an integer to each arc of the diagram, where each arc is delimited by classical
crossings and by endpoints, and the numbering increases or decreases at each classical
crossing as seen in Figure 5. Again, an integer numbering is called an Alexander number-
ing if and only if it satisfies the boundary conditions in Figure 6 and the local Alexander
numbering condition as seen in Figure 8 for each classical crossing.
It is quite simple to find that there are virtual braid words for which the corresponding
braid diagram has no Alexander numbering. One such example is seen in Figure 7, which
depicts a diagram for the word the word τ1σ1τ1σ1 ∈ vB2. The first classical crossing in the
braid satisfies the Alexander numbering condition if and only if i = j− 1, while the second
classical crossing requires that j+1 = i− 2. It is impossible for both of those equations to
hold simultaneously. This gap between virtual braid diagrams and virtual braid diagrams
which admit Alexander numberings justifies distinguishing between integer and Alexander
numberings in the previous subsection.
i
i− 1
j
j + 1
Figure 7: A braid which cannot admit an Alexander numbering.
Since all classical braid diagrams have Alexander numberings, we say the following:
Definition 2. A virtual braid diagram is almost classical if it can be given an integer
numbering that satisfies the restrictions in Figures 5 with λ = µ− 1 and 6. A virtual braid
is almost classical if it is representable by an almost classical virtual braid diagram.
3.3 Almost classical braids
It is inconvenient that the concatenation of two almost classical virtual braid diagrams
may itself not be almost classical. One such example is the diagram representing the
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virtual braid word τ1σ1 ∈ vB2 decomposes into two almost classical braid diagrams, with
one (respectively virtual and classical) crossing each. A solution would be to ask for the
stronger boundary conditions, where the numbers of the arcs at the top of the braid are
also consecutively increasing integers, starting with 1 on the left. This solution would make
those particularly well-numbered virtual braids into a subgroup of the virtual braid group,
and satisfy the following lemma:
Lemma 3. Let β be a virtual braid diagram on n strands. If β is almost classical and the
top endpoints of β are numbered 1 through n consecutively from left to right, then all the
virtual crossings of β can be removed by a finite sequence of virtual detour moves.
λ+ 1 λ+ 1λ
λ
λ
λ+ 1
λ
λ
λ+ 1
λ+ 1
Figure 8: The Alexander numbering of crossings and their smoothing.
Lemma 3 can be restated to say that almost classical virtual braids with a numbering
that satisfies the boundary condition on the top and the bottom are in the image of
v¯ : Bn → vBn. This justifies the laxer boundary condition and the inconvenience of almost
classical braids on n strands not being a subgroup of vBn.
Proof. If β has no classical crossings, the only restriction on the Alexander numbering
comes from the endpoints of each strand. The definition dictates that the ith strand of
the diagram be numbered i at the top and the bottom, for each i = 1, 2, . . . , n. Since
β contains no classical crossings, each strand consists of a single arc, and the numbering
shows that the underlying permutation is trivial. Therefore, such a β is equivalent to the
identity braid.
Now, assume that the lemma holds for any braid diagram with k classical crossings for some
natural number number k. Let β be an almost classical braid diagram with k+1 classical
crossings. Then, the diagram β0 obtained by smoothing any of the classical crossings of β
as in Figure 8 is also almost classical and has k classical crossings. By our assumption, β0 is
related to a classical braid diagram by a finite sequence of virtual detour moves, and by the
definition of those moves, the same sequence takes β to a classical braid diagram. QED
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4 Parity projection
This section defines a map from virtual braids to almost classical braids, which will be
used to prove the main theorem of this paper.
4.1 Gaussian parity
In general, a virtual braid diagram is not Alexander numberable. Its arcs can still be
numbered by using the rule that the ith strand starts with number i, and that the num-
bering changes by +1 or −1 at each classical crossing as depicted in Figure 5. The result is
again called an integer numbering of the dia. For some crossings, the numbering will still
respect the Alexander numbering rule that the incoming and outgoing arcs on each side
of the crossing bear the same number. In general, they will not. Following the convention
established in [IMN2013] say that a crossing in a braid is even if and only if the integer
numbering of the arcs respects the Alexander condition around that crossing. Otherwise,
the crossing is called odd. The property that a crossing be odd or even is its parity.
For example, consider the two crossings in Figure 9, considered to be portions of the same,
larger braid diagram. Both crossings are even whenever λ = µ − 1, and both are odd
otherwise. Moreover, observe that the integer numbering of the rest of the diagram is
unchanged by the local move.
λ µ
λ µ
λ+ 1µ− 1
µ
λ µ
λ
Figure 9: The Alexander numbering around a canceling pair of classical crossings in a braid
diagram.
In Figure 10, the crossings on the right and the left version can be identified by the
numbering of the strands at the bottom of the picture. The γ/λ crossing is even if and
only if γ = λ − 1 (on the left picture, the condition is equivalent, and reads γ + 1 = λ).
Similarly, the parity of the γ/µ and the λ/µ crossings is unchanged by the move, and by
looking at the labels at the top of the picture, it still holds that the integer numbering of
8
the rest of the picture is unchanged by the local move. The more interesting property that
can be computed in this situation is that if any two of the crossings pictured are even, so
is the third one. That is, if γ = λ− 1 and γ+1 = µ− 1, then the λ/µ crossing is also even.
Similarly for the other two pairs of crossings.
γ λ µ γ λ µ
µ− 2 λ γ + 2 µ− 2 λ γ + 2
λ+ 1
µ− 1 γ + 1
γ + 1
λ− 1 µ− 1
Figure 10: The Alexander numbering around three crossings before and after a move on a
braid diagram.
4.2 Projection map
Define the Gaussian projection of a virtual braid diagram β to be ϕ(β), the braid diagram
obtained by turning all the odd crossings of β into virtual crossings, computing the parity of
the remaining classical crossings with the new arcs, turning any new odd crossings virtual,
and repeating this process until the resulting braid diagram is almost classical.
Lemma 4. Let β and β′ be equivalent virtual braid diagrams. Then, ϕ(β) and ϕ(β′) are
equivalent almost classical braid diagrams.
Proof. First note that the assertion that ϕ(β) and ϕ(β′) are almost classical pure braid
diagrams follows trivially from the definition of the map ϕ. Now, if β′ is obtained from
β by a virtual detour move, there is a one-to-one correspondence between the classical
crossings of each diagram, and the parity of the crossings is not impacted by virtual detour
moves. Thus, ϕ(β′) is obtained from ϕ(β) by a virtual detour move.
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Now, assume that β and β′ differ by only one classical braid move. Considering first a
move of type U2, where β is the diagram with more crossings. Then, those crossings are
either both preserved by ϕ, or both made virtual by ϕ. In either case, the diagram ϕ(β′)
can be obtained from ϕ(β). An example or this situation is shown in Figure 11.
Now, if β′ is obtained from doing a move of type U3 to β, there are three possible situation.
The crossings involved in the move can be all odd, all even, or only one of the three could
be even. Again, the number of odd and even crossings in β and β′ is equal, and, should
exactly one of them be even, it is the crossing between the corresponding stands in each
diagram. Then, ϕ(β′) can be obtained from ϕ(β) by applying either a V3, a U3, or a
virtual detour move. See Figure 11 for an example.
It suffices to apply the arguments above to each move in a sequence to obtain the general
statement. QED
In other terms, Lemma 4 states that the map of braid diagrams, ϕ, factors to a map of
virtual braids, ϕ¯ : vBn → vBn, and that a braid is almost classical if and only if it is in
the image of ϕ¯. Notice that almost classical braids are a proper subset of vBn for each n,
but that they do not form subgroups.
ϕ ϕ
1 0 1 0
1 0 1 1 0 1
Figure 11: The result of the Gaussian projection map on some braid moves.
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5 Main theorem
Theorem 5. For each n = 2, 3, . . ., the map v¯ : Bn → vBn is injective.
Proof. Fix n to be an integer greater than 1, and let β and β′ be classical braid diagrams
representing the same element in vBn. To prove that v is injective, it suffices to show
that β and β′ represent the same element in the classical pure braid group Bn. Let
{β = β0, β1, . . . , βk = β
′} be a sequence of virtual braid diagrams such that βi−1 and βi for
each i = 1, . . . k differ by exactly one classical braid move and possibly a virtual detour move
(defined in the discussion of Figure 4). Then, the sequence {ϕ(β0) = β, ϕ(β1), . . . , ϕ(βk) =
β′} consists of almost classical braid diagrams, and applying Lemma 4, ϕ(βi) is obtained
from ϕ(βi−1) by virtual detour moves and at most one classical braid move.
Since β is classical, the numbering at the top ϕ(β1) is consecutively increasing from 1.
Then by Lemma 3, the virtual crossings ϕ(β1) can be removed by virtual detour moves,
to obtain a classical braid diagram. This last argument can be applied to each projected
diagram in turn, yielding an explicit sequence of classical braid diagram moves relating β
and β′. QED
A part of the proof technique in action is illustrated by a rather artificial example in Figure
12. Say that the diagram on the left, corresponding to τ1σ2σ
−1
2
τ1 ∈ vB3 appears at some
point in a sequence of virtual braid diagrams. Then, the projection maps it to the almost
classical diagram of the trivial braid in vB3 seen on the right of the figure.
1 2 3
22
ϕ
Figure 12: Example of a trivial braid projecting to a trivial almost classical braid.
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